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Overview

e Software

e Assembling

e Scalar Results

e Maxwell Eigevalue Problems:
Weighted Regularization

e Results of Maxwell EVP

e Perspectives
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Previous hp Software

e Szabd 1985: PROBE (p only)

e Demkowicz, Oden, Rachowicz et al. 1989: PHLEX, hp90
e Anderson: STRIPE (p only on a-priori generated meshes)
e Flaherty, Shephard: Tetrahedra only (3D anisotropy?)

e Karniadakis, Sherwin: NEKTAR (regular meshes only, tetrahedra,
hexahedra, prisms, p only)

e Devloo
e Szabo since 1995: STRESSCHECK (p only)
e Heuveline et al.: HiFlow

e In development: deal.ll (Kanschat & Bangerth), ngsolve (Schdberl
et al.)
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Our Software: Concepts

e Started by Christian Lage during his Ph.D. studies (1995).

e Used and improved by Frauenfelder, Matache, Schmidlin, Schmidt
and several students.

e Concept Oriented Design using mathematical principles [1].
e Currently two parts: hp-FEM, BEM (wavelet and multipole methods).
e C++ class library for general elliptic PDEs.

[1] P. F. and Ch. Lage, “Concepts—An Object Oriented Software Package
for Partial Differential Equations”, Mathematical Modelling and Numerical
Analysis 36 (5), pp. 937-951 (2002).
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T Matrix

Definition 1 (T Matrix). Element shape functions { ¢ }:Z on element K,

global basis functions {®;}. ..
The T matrix T i, € R™x >N of element K is implicitly defined by

mg
Dl = Z [TK]jz’ be
j=1
as vectors:
@K — T1T<¢K

ETH

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

Computing Maxwell Eigenvalues in 3D using H 1 conforming h p FEM — p.6/29



Assembly using T Matrices

Stiffness matrix: A;; = a(¢i, ¢,), load vector: I; = I(¢;).
Assembling:

L=1(®) = U} TRo™) =D TRle"™) = > Trls
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Assembly using T Matrices

Stiffness matrix: A;; = a(¢i, ¢,), load vector: I; = I(¢;).
Assembling:

[=1(2 ZT =3"TLe") =Y Thig

K K

ZTT = ThAgL Tk
K,K

Note: Az, = 0in standard FEM for K # K.
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Example 1: Regular Mesh

Two elements with three local shape functions each and four global basis
functions.

A

3 4
3 2 1 2 3 4
1 00 0O

J —
T 01 0 0
0010
Vi
1
—
1 2
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Example 1: Regular Mesh

Two elements with three local shape functions each and four global basis
functions.

A
3 4

O OO -~ OO = =
SO~ N O = O N
_ O O w = O O W
O = O »h OO O P
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Example 2: Irregular Mesh

Three elements with three local shape functions each and four global
basis functions. The hanging node is marked with o.

A

3 4
3 22 1 2 3 4
K 1 0 1 0 0

T =
1 =120 0 o0 1
3 3 0 12 12 0
I
|
—
1 2
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Example 2: Irregular Mesh

Three elements with three local shape functions each and four global
basis functions. The hanging node is marked with o.

A
3 4
; 22 1 2 3 4
K 10 1 0 0
T, —
1 L >0 0 0 1
3 g 3 0 Y2 12 0
1 2 3 4
I
10 12 12 0
T, —
| 7120 0 o0 1
3 0 O 1 0
—
1 2
= continuous basis functions.
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Generation of T Matrices

e Regular Mesh: Counting and assigning indices with respect to
topological entities such as vertices, edges and faces.
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Generation of T Matrices

e Regular Mesh: Counting and assigning indices with respect to
topological entities such as vertices, edges and faces.

e lIrregular Mesh: Irregularity due to a refinement of an initially

regular mesh.

OK:

Explanation follows.

., hot OK:
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T Matrices for Irregular Meshes

Irregularity due to a refinement of an initially regular mesh.
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T Matrices for Irregular Meshes

Irregularity due to a refinement of an initially regular mesh.
Mesh | M refine M’
Basis fcts. ‘ B U Bkeep — B’ = Bins U Bkeep
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T Matrices for Irregular Meshes

Irregularity due to a refinement of an initially regular mesh.
Mesh | M refine M’
Basis fcts. ‘ B U Bkeep — B’ = Bins U Bkeep

o o o . basis fcts. which can be solely
described by elements of M\ M
! Bins: basis fcts. generated by regular parts
® ® Of /\/l’\_/\/l

Eidgendssische Technische Hochschule Zﬁrich
Swiss Federal Institute of Technology Zurich

Computing Maxwell Eigenvalues in 3D using H 1 conforming hp FEM - p.11/29



T Matrices for Irregular Meshes

Irregularity due to a refinement of an initially regular mesh.
Mesh | M refine M’
Basis fcts. ‘ B U Bkeep — B’ = Bins U Bkeep

o o o . basis fcts. which can be solely
described by elements of M\ M
! Bins: basis fcts. generated by regular parts
® ® Of /\/l’\_/\/l

Every element of B has a column in the T matrix. Generation is

e casy for B;., (like regular mesh),
o simple for Byeep: Mmodify column from M by S matrix.
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S Matrix

Definition 2 (S Matrix). Let K’ C K be the result of a refinement of
element K. The S matrix S i € R"x" >k s defined by

™Mo
=1
as vecltors:
K T K’
:S /
"] = Skowe

(bf \ . 1S represented as a linear combination of the shape functions

(oF )™ ot

=1
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Application of S Matrix

Proposition 1. Let K’ C K be the result of a refinement of an element K .
Then, the T matrix of K’ can be computed as

TK’ SK,KTkeep 4+ Tlns

where TSP denotes the T matrix of element K (with columns not

related to functions in Byee, Set to zero) and T2 the T matrix for
functions in B;,s with respect to K.

Proposition 2. Let K’ c K be the result of a refinement of the reference
element K with H : K — K’ the subdivision map. The element maps are

Fr: K — KandFyx : K — K’

and Fr: o H~! = F holds. Then, Sy, = Sk k.
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Subdivisions

Subdivisions of a quadrilateral in 2D:

A

A A
Subdivisions of a hexahedron in 3D:
- = " ]
" ]
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S Matrix in Dimension d = 1

Subdividing J = (0,1) in J’' = (0,1/2) and J* = (1/2, 1) with the reference
element shape functions

1—¢ j=1
N;(€) =14¢ j=2
E1-&P (26 -1) j=3,...,J

yields (solving a linear system) for J = 4:

1 0 O 0 /o /2 1/4 0
Sjj= 162 162 Zi _(3)/4 and S;, ; = 8 (1) 194 3(/)4
0 0 0 s 0 0 0 s
Hierarchic shape functions = hierarchic S matrices.
ETH
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S Matrices: Tensor Product in 2D

Horizontal subdivision:

Sip=E®8;; for the bottom quad K”, Py

Sii=E®S;,; for the top quad K™*. A
K/
ETH
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S Matrices: Tensor Product in 2D

Horizontal subdivision:

Spi=E®S;; for the bottom quad K, Ps
Sp.p=E®S; ;  forthetop quad K*.

K/

Vertical subdivision: | .
Sikp=8:;0F for the left quad K, N
. . K| K~

Siii=855;QF for the right quad K*.
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S Matrices: Tensor Product in 2D & 3D

Subdivision into four quads:

e subdivide K horizontally into two children

A

e subdivide upper and lower

child vertically into K¢ and K¢ and K and K resp. PP

Siap=(S; ;0 E)- (E®Sj. ;)
Skei=(S;;QE)- (E®Sj;) Sip=(Sj;@0FE) (E®S;;)
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S Matrices: Tensor Product in 2D & 3D

Subdivision into four quads:

e subdivide K horizontally into two children
- d
e subdivide upper and lower K
child vertically into K¢ and K¢ and K* and K resp. PR

Siap=(S; ;0 E)- (E®Sj. ;)
Skei=(S;;QE)- (E®Sj;) Sip=(Sj;@0FE) (E®S;;)

3D: Same idea as in 2D, just of this form:

Spr=]](A®B&C)

in each of the factors, one of A, B or C is an 1D S matrix.
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S Matrices: Tensor-Product in 3D

Spr=]][(A®B&C)

in each of the factors, one of A, B or C'is an 1D S matrix.
Depending on the factors, 7 subdivisions are possible:
] ]

Concepts: arbitrary number and combination of these 7 subdivisions in 3D.

Computing Maxwell Eigenvalues in 3D using H 1 conformmg hp FEM - p.18/29



Scalar Computations:

Vertex Singularity

relative energy error
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Vertex type singularity.

—Au+u=finQ=(0,1)

u(r,0,¢) = \/rsinfsin ¢
u =0

in Q
on{y =0} C 90
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Overview
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Electric Eigenvalue Problem

Find w > 0 sucht that 3E € X, \ {0} with

/u_lcurlﬂ-curlﬂ+/divﬂdivE:w2/eﬂ-E VF € X,
Q Q Q

H, = {gEHl(Q)?’:u ﬂ=00n09}

e X, is curl and div conforming, hence continuous across interfaces
= H, =X,

e [, is easy to discretise and implement: Cartesian product of scalar
discretisation S“2(Q, T) of H'(Q)
e (Converges to wrong solutions if €2 has reentrant corners:
e H, #X,
e codimy, H, = 00
e H, closedin X, ie., sequences in H,, have their limits in H,,.
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Weighted Regularization

Find the frequencies w > 0 such that 9E € H,, \ {0} with

/curlﬂ-curlE—l—s(ﬂ,E)Y:wQ/E-E VE € H,
Q Q

<E,E>y=/p(£) div £ div F
Q

Properly chosen weight p(z) and s € R,..

Eidgendssische Technische Hochschule Zﬁrich
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Weighted Regularization

Find the frequencies w > 0 such that 9E € H,, \ {0} with

/curlﬂ-curlE—l—s(E,E)Y:wQ/E-E VE € H,
Q Q

<E,E>y=/p(£) div £ div F
Q

Properly chosen weight p(z) and s € R,..

|dea: use spaces
XnlY] :={u € Hyo(cur, Q) : divu € Y} D H,, dense
and the solutions of Maxwell equations € X, [Y].

[2] Martin Costabel and Monique Dauge, “Weighted regularization of Maxwell equations in
polyhedral domains”, Numer. Math. 93 (2), pp. 239-277 (2002).
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Chosing the Weight and s

s(E, F)y :5/ p(x)div Ediv F
Q

2D:
p(x) = r* where r is the distance to a reentrant corner and « € |0, 2]

depending on the angle of the reentrant corner: a € (2 — 27/w,, 2]

s scales the (., .)y form. Spurious Eigenvalues get scaled too, real Eigen-
values not. Sensible range: (0,30). s = 0 gives a large kernel since
div E = 0 is not enforced at all.

a = 2 is the limiting case, nice to implement since 2 is polynomial.

Computing Maxwell Eigenvalues in 3D using H 1 conformmg hp FEM - p.23/29



Chosing the Weight and s

s(E, F)y :5/ p(x)div Ediv F
Q

2D:
p(x) = r* where r is the distance to a reentrant corner and « € |0, 2]

depending on the angle of the reentrant corner: a € (2 — 27/w,, 2]

3D:
p(x) = dist (z,CUE)”

where a € |0, 2| (depending on angle of edge and cone of corner).

s scales the (., .)y form. Spurious Eigenvalues get scaled too, real Eigen-
values not. Sensible range: (0,30). s = 0 gives a large kernel since
div E = 0 is not enforced at all.

a = 2 is the limiting case, nice to implement since 2 is polynomial.
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Convergence of Eigenvalues

Eigenvectors:
|Em — Emnllx, <C sup inf ||F— Fy|x,

Few,, FneVn

Simple Eigenvalues:

A — <C s f ||F — Fyl?
|m mN| FE%/[I; F;IElVN H NHXn

For ||F — Fn| x, , exponential convergence possible:
R?: Proof by Costabel, Dauge, Schwab
R3: experimental evidence, proof in preparation
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EVP in the Thick L Shaped Domain
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EVP in the Fichera Corner

relative error

relative error

convergence of 1 Eigenvalue (3.197)

convergence of 2" Eigenvalue (5.878) - double EV
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Perspectives

e Maxwell source problems
e A posteriori error estimation, anisotropic regularity estimation
e |Improved mesh handlin

,,,,,,,,,,,,,,,

L

e lterative multilevel domain decompositioning solvers:
Toselli (Zurich), Schoberl (Linz)

e Open Source version of Concepts. Contact:
pfrauenf@emath.ethz.ch

ETH

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

Computing Maxwell Eigenvalues in 3D using H 1 conforming h p FEM — p.28/29



Perspectives

e Maxwell source problems
e A posteriori error estimation, anisotropic regularity estimation
e |Improved mesh handlin

,,,,,,,,,,,,,,,

L

e lterative multilevel domain decompositioning solvers:
Toselli (Zurich), Schoberl (Linz)

e Open Source version of Concepts. Contact:
pfrauenf@emath.ethz.ch
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Shape Functions

The reference element shape functions on (—1, 1) of order p [3]:

15 i=0
- 1,1 .

Ni©) =4 g P 1<i<p-l
2 t=p

Ph! (€) are integrated Legendre Polynomials: L;(¢) = P°(¢) and

§ _
[ G-y P ) de = (1= (4 9P P g
§ _
= [ PP@yde= (- 00+ OPM(©

[3] Karniadakis and Sherwin, “Spectral/hp Element Methods for CFD”, Oxford University
Press, 1999.
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Shape Functions

The reference element shape functions on (—1, 1) of order p [3]:
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